A dynamic stiffness method is presented for determining the free vibration frequencies and mode shapes of thick spherical shell segments with variable thickness and different boundary conditions. The analysis uses the equations of the two-dimensional theory of elasticity, in which the effects of both transverse shear stresses and rotary inertia are accounted for. The displacement components are taken to be sinusoidal in time, periodic in the circumferential direction, constant through the thickness, and solved exactly in the meridional direction using the exact element method. The shape functions are derived from the exact solutions for the system of the differential equation of motion with variable coefficients. The dynamic stiffness matrix is derived from the exact shape functions and their derivatives. Highprecision numerical results are presented for thick spherical shell segments with constant or linearly varying thickness and for several combinations of boundary conditions. Comparison is made with results of published research and with two-and three-dimensional finite element analyses.
Introduction
Spherical shells are extensively used in civil, mechanical, aircraft, and naval structures. The free vibration of solid and hollow spheres has been a subject of study for more than a century. Historical reviews of the research into the vibrations of spherical shell are given in [Leissa 1973; Kang and Leissa 2000; Qatu 2002 ]. For segmented spherical shells very few studies can be found. Gautham and Ganesan [1992] used finite elements to study the free vibration analysis of open spherical shells, based on a thick (two-dimensional) shell theory. A thick shell finite element was derived and vibration frequencies were obtained for spherical caps with and without center cutout having simply supported or clamped boundary conditions. Lim et al. [1996] analyzed spherical shells with variable thickness using two-dimensional shell theory and the Ritz method, and the results were compared with finite element and experimental ones. For spherical shell segments based on three-dimensional analysis, Kang and Leissa [2000] used the Ritz method to obtain accurate frequencies for thick spherical shell segments of uniform or varying thickness. Their method does not yield exact solutions, but with proper use of displacement components in the form of algebraic polynomials, one is able to obtain frequency upper bounds, that are as close to the exact values as desired. Corrected results for the test cases in that paper appeared subsequently in [Kang and Leissa 2006] .
In this paper the equations of motion for a thick spherical shell segment with variable thickness are derived. Then, these are solved for the dynamic stiffness matrix of the segment, and assembled for a complete structure.
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Equations of motion
The shell coordinates and shell parameters for axisymmetric spherical shells with thickness varying along the meridian are shown in Figure 1 , left, where φ and θ are spherical angle coordinates, z is thickness coordinate from middle surface, R 0 is radius of curvatures of the middle surface of the shell in both meridian and circumferential directions and R p (φ)) describes the perpendicular distance to the axis of revolution of the generating line. The location of the shell segment is defined by either the angle of the beginning of the shell φ b , or the angle of the end of the shell segment φ e , and the meridional dimension of the shell is defined by the opening angle φ 0 . Figure 1 . Left: geometry and coordinates of a spherical shell segment. Right: displacement field according to the thick shell theory.
The strain-displacement equations of the first order shear deformation shell theory of thick shells are obtained by satisfying the Kirchoff-Love hypothesis, such that normal to the shell mid-surface during deformation remain straight, and suffer no extension, but are not necessarily normal to the mid-surface after deformation. According to these assumptions the displacement of every point of the shell (see Figure 1 , right) may be expressed as
(1) and the strain-displacement equations given in [Leissa and Chang 1996] for a general spherical shell become, for a spherical shell segment,
where we have denoted by 0 · , γ 0 ·· and k · the strains and curvatures of the middle surface of the shell, given by the expressions
STIFFNESS VIBRATION ANALYSIS OF SPHERICAL SHELL SEGMENTS WITH VARIABLE THICKNESS
Substituting the shell parameters into the five equations of motion of general shells [Leissa and Chang 1996] using the relations for principle shell coordinates (α 1 = φ, α 2 = θ ), Lamé's coefficients (A = R 0 , B = R p (φ) = R 0 sin φ) and radii of curvatures (R 1 = R 2 = R 0 ) yields the five equilibrium equations for a spherical shell segment with variable thickness:
with variable quantities I 1 (φ), I 3 (φ) obtained by integration of the material density through the thickness as follows:
The stress-strain relations for an isotropic material are given by 824 ELIA EFRAIM AND MOSHE EISENBERGER
where E is the modulus of elasticity and µ is Poisson's ratio. For isotropic materials the force and moment resultants are obtained by integrating the stresses through the shell thickness, which in this case is variable along the meridian:
where κ is a shear correction factor. Various derivations of the shear correction factor have been proposed. Mindlin [1951] gave an implicit result for the shear correction factor for isotropic elastic plates that depends on Poisson ratio µ. Hutchinson [1984] determined the shear coefficient in a Mindlin plate equation based on matching a mode of the Mindlin plate theory to the exact Rayleigh-Lamb frequency equation for the flexural wave response at long wavelengths and proposed the value κ = 5/(6 − µ). Later, Stephen [1997] reexamined this solution, and called this the "best" shear coefficient. In the present work this value of Hutchinson's shear coefficient is used in the calculations.
Solution procedure
We introduce a nondimensional coordinate ξ = (φ − φ b )/φ 0 that vary from 0 to 1. The variation of the geometric parameters h and R p is taken in a polynomial form as follows:
Spherical shell segments with a wide range of meridian opening angles, concave or convex thickness variation can be described in this way, up to any desired accuracy. In case of shell with wavy or corrugated surface, it could be represented by segmented shell with sequential shell segments with convex and concave thickness variation. When the force and moment resultants are substituted into the equations of motion (4), assuming harmonic vibrations, and using the assumed displacement field
with the notation Figure 2 . Dynamic stiffnesses defined by resultant forces along a unit angle segment of the perimeter of the shell edges (ξ = 0, ξ = 1).
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where primes refer to derivatives with respect to ξ , and the terms in the matrices K (0) , K (1) , and K (2) are given in the Appendix. The solution is obtained using the exact element method algorithm [Eisenberger 1990 ] by assuming the solution as infinite power series
and following the procedure in [Eisenberger 1990 ] we get the five basic shape functions for each case of unit displacement on the shell edges. Based on the values of the shape functions and their derivatives at the two edges of the segment (ξ = 0; ξ = 1) we get the terms in the dynamic stiffness matrix as the resultant forces along the unit angle segment of the perimeter of the shell, as shown in Figure 2 , as
The dynamic stiffness matrix for a segment, having ten degrees of freedom, five on each edge, is then assembled for the structure in the usual procedure of structural analysis. The natural frequencies of vibration are found as the values of the frequency that will cause the assembled dynamic stiffness matrix of the structure to become singular.
When the cut-outs size becomes relatively small (R p,in /R p,out < 0.1) the shape functions series converges rather slowly and have relatively large number of terms. Therefore, in order speed the convergence process one can divide the shell into sections with ratio R p,in = 0.3R p,out for each section. So, by adding a small number of elements one can solve for shells with very small cut-outs (e.g., three elements for R p,in = 0.03R p,out and four elements for R p,in = 0.01R p,out ).
Numerical examples
In order to obtain a high-precision solution for vibration problems of thick spherical shells, numerical calculations have been performed for a spherical shells with different thickness-radius ratios, and various Table 1 . Nondimensional frequency λ = ω R √ ρ/E for a hemispherical shell with a 30 • cutout at the apex, with free boundary conditions at the cutout and different boundary conditions at the base. The columns "5 DOF" and "7 DOF" give the result with the present method (one exact element and the specified number of degrees of freedom). "Lit." refers to [Gautham and Ganesan 1992] . "Diff.%" is the ratio (λ exact − λ FE )/λ FE .
combinations of boundary conditions: constant thickness hemispherical caps with annular cutout at the apex, variable thickness spherical annular segment, and variable thickness spherical barrel shell.
The results for the constant thickness hemispherical shells are set out in Tables 1 and 2 for two cutout sizes (60 • and 30 • ), and with two types of boundary conditions at the base: clamped and simply supported, and two thickness/radius ratios: 0.1 and 0.2. A comparison is made with the results of the FE analysis of [Gautham and Ganesan 1992] that were obtained by using Nagdhi's basic relations that take the transverse shear and the normal strain into consideration. Three-noded finite elements with 7 DOF per node were used for solving the problem. Good general agreement of the results is shown. Some fictitious frequencies given by FE analysis can be observed (marked in bold). Table 3 , left, presents a comparison of the natural frequencies for an annular hemispherical shell with linearly varying thickness (φ 0 = 60 • , h b / h e = 1/3) (Figure 3, left) . The comparison is performed with the results from FE analysis using the commercial code ABAQUS, and the results from a threedimensional analysis by the Ritz method reported in [Kang and Leissa 2006] . The results of the present Table 2 . Nondimensional frequency λ = ω R √ ρ/E for hemispherical shells with 60 • cutout at the apex, with free boundary conditions at the cutout and different boundary conditions at the base. The columns "5 DOF" and "7 DOF" give the result with the present method (one exact element and the specified number of degrees of freedom). "Lit." refers to [Gautham and Ganesan 1992] . "Diff.%" is the ratio (λ exact − λ FE )/λ FE . Table 3 , left). Right: spherical barrel shell with variable thickness; (Figure 3, right) . In both cases, (h b + h e )/2R = 0.2, h b / h e = 1/3, and µ = 0.3. "A" stands for axisymmetric modes, "T" for torsional modes. exact analysis are generally lower than the results from the two-dimensional FE analysis, and for some modes the frequency is a little bit higher due the difference in the shear correction factor that was used: 5/(6 − µ) in the present analysis versus 5/6 in the FE analysis. Comparison with the three-dimensional Ritz solution shows that the torsional modes in the present analysis are higher than the values in the three-dimensional analysis due to kinematical simplifications of the first order shear deformation shell theory. In other vibrational modes no clear tendency is observed.
The same conclusions are obtained from comparison of frequency results for barrel spherical shell 
